The relationship between the optimization of the potential function and the foldability of theoretical protein models is studied based on investigations of a 27-mer cubiclattice protein model and a more realistic lattice model for the protein crambin. In both the simple and the more complicated systems, optimization of the energy parameters achieves significant improvements in the statistical-mechanical characteristics of the systems and leads to foldable protein models in simulation experiments. The foldability of the protein models is characterized by their statistical-mechanical propertiese.g., by the density of states and by Monte Carlo folding simulations of the models. With optimized energy parameters, a high level of consistency exists among different interactions in the native structures of the protein models, as revealed by a correlation function between the optimized energy parameters and the native structure of the model proteins. The results of this work are relevant to the design of a general potential function for folding proteins by theoretical simulations.
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Folding a protein by theoretical simulations encounters many difficult problems, two of the most challenging ones being the large conformational space that has to be searched (1) and the existence of many local energy minima (2) that hampers conventional energy-minimization approaches. However, recent progress in the statistical-mechanical theory of protein folding (3) (4) (5) (6) (7) suggests the possibility of overcoming or circumventing the difficulties in the theoretical folding of proteins. It is predicted (3-7) that, if the native state of a protein corresponds to a pronounced global minimum on the free energy surface, rapid folding of the protein to the native structure can be realized because of the existence of thermodynamic driving forces. One of the developments that capitalizes on such a theory is the sequence design procedure (8) (9) (10) . With a given potential function and a known target native structure, the sequence design procedure simulates the sequence space of model proteins by a Monte Carlo (MC) procedure so that the energy of the target native structure becomes a pronounced minimum in the resulting sequence (8, 9) . This procedure has led to rapidly foldable protein models (6) . Another approach, which may have more direct implications for the folding of real proteins, is to optimize the potential function for given proteins to obtain foldable protein models for theoretical simulations. In this work, we study the problem of optimizing the energy parameters.
Optimization of potential functions is a traditional problem in theoretical studies of proteins. Extensive efforts have been made in the past in deriving potential functions for peptides and proteins. Major approaches include the classical empirical force fields (11) (12) (13) (14) in which the energy parameters are optimized with respect to the properties of small model molecules and the more recent knowledge-based potentials (15) (16) (17) (18) (19) (3, 4) . With this approach, the relation between the energy parameters and the foldability of the protein is more transparent; it not only produces the optimized energy parameters, but also provides an understanding of the physical nature of foldable proteins.
The aim of this work is to reveal the general relationship between the optimization of potential functions and the foldability of proteins, thereby to find better force fields for theoretical simulations of protein folding. We studied two systems: a simple cubic-lattice model protein that is helpful for capturing the essential characteristics of optimized potentials, and a more realistic lattice model for the small protein crambin that is useful for assessing how the conclusions from simple models may be generalized to real proteins.
Simple Protein Model
We first investigate a much-studied 27-mer simple cubiclattice protein model (5, (20) (21) (22) . This model has a number of advantages: it captures some of the essential features of real proteins in a simple form, the computations with this model involve minimum numerical errors, and the results for the simple model can easily be reproduced and checked. It should be noted that, for this simple lattice-chain model, designing a set of energy parameters for a rapidly foldable model can be carried out by a number of methods, such as the maximization method (4, 23) and the rank-ordering method (24) . However, the optimized potentials obtained from the above methods are limited to particular sets of energy parameters, depending on the choice of the ensemble of training conformations (23) or the selected set of interaction parameters (24) . Furthermore, the simple procedures (23, 24) for optimizing the energy parameters do not work for the realistic protein model studied in the next section of this paper. In this work, we are interested in a general relationship between the foldability of a protein and the energy parameters; this requires examination of the whole range of energy parameters. Therefore, we have used the following procedure for optimizing the energy parameters for general protein models. is a maximally compact structure. In the optimization, we have chosen a relatively small step (i.e., s defined above) for the adjustments of the energy parameters in each iteration so that the gradual change in the energy parameters could be followed closely. The inset in Fig. 1 shows the magnitude of the gradient G of Eq. 1 as a function of iteration cycles in the optimization of the energy parameters.
With the starting set of energy parameters, even though the sequence has a unique lowest-energy structure (determined by exhaustive enumeration of all compact structures), the model protein does not fold to a unique structure at any temperature. The folding transition of the model is always a collapse to a random structure. However, as the energy parameters become optimized, the protein model gradually acquires a certain probability to fold to the target native structure. To characterize the folding behavior of the model protein at different stages of optimization quantitatively, we have calculated the density of states of the model protein for selected sets of energy parameters. The density of states of the model protein was calculated by the MC histogram method (25, 26) . For the "unfoldable" models, the lowest-energy states cannot be sampled reliably by the conventional MC procedure; therefore, the densities of states of the lowest-energy regions of the unfoldable models were estimated by exhaustive enumeration of all the compact conformations. For the foldable models, on the other hand, all states can be sampled reliably by the conventional MC method. Fig. 1 shows the densities of states for selected sets of energy parameters from the optimization series. The number on each curve in Fig. 1 indicates the iteration step in the optimization. The energy of the target native structure, chosen in the optimization to be common to all sets of energy parameters, is indicated by the small peak in the lowest-energy region of the energy spectra. A value of unity is assigned to S(E) of the native state to distinguish it from the energy regions with zero density of states. It can be observed from Fig. 1 that optimization of the energy parameters causes the density of the average nonnative states to shift toward the higher-energy region and reduces the densities of the low-energy nonnative states with respect to that of the native state dramatically. The density of states of the model protein is the quantitative indicator of the foldability of the model under a given set of energy parameters: for the unfoldable models, the densities of the nonnative states increase rapidly in the low-energy region near the ground state; for the foldable models, on the other hand, the densities of the nonnative states increase slowly near the ground state and, when their densities of states in the low-energy regions are smoothed into continuous curves, these curves have a concave segment that is the characteristic of a two-state folding transition. The existence of a distinct native state in the energy spectrum, however, does not appear to be relevant to whether or not the model can be folded.
The foldability of the model as determined by the density of state is consistent with MC experiments. In the MC experiments, a folding of the model chain to the native structure at any stage during an MC run with 60 million trial moves at the folding temperature is counted as one folding event. The probability of folding was estimated from 10 MC runs for each model. The 60 million MC trial moves on this simple model with the usual conformational perturbations (5, 22 ) take about 5 min on an ordinary SGI indigo workstation. With energy parameters corresponding to curve 3 in Fig. 1 , the model is completely unfoldable; with energy parameters for curves 6 and 9, the foldability of the model protein is less than 10% and about 60%, respectively. In comparison, with the energy parameters corresponding to curves 12, 16, and 25, the protein model is almost 100% foldable. Thus, optimization of th rameters leads the model from unfoldable to stron
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where eij is the energy parameter between residu and (e) are the average values of cij and eij, resp function C is a measure of the consistency of dif actions in the protein: for C to be positively large of residues that are in contact in the native stru have a large negative interaction. Fig. 2 shows the correlation coefficient as a fuw iteration step in the optimization of the energy p, can be observed that the correlation coefficient is; function of the optimization of the energy paran maximum and a long plateau. The regions of parameters in which the protein model is uni definitely foldable, respectively, are indicated by ti black bars in Fig. 2 (1996) will hereafter be called the initial parameters. A test that has frequently been used in evaluating the quality of a set of energy parameters is whether the energy parameters can distinguish the native structure of a protein from all the nonnative structures generated by the threading procedure. The above initial energy parameters for the crambin model pass such a test. The histogram shown in Fig. 3 is the logarithm of the number of nonnative conformations of crambin from the threading procedure as a function of energy calculated with the initial energy parameters. The energy of the native structure of crambin with the same energy parameters is indicated in Fig. 3 (34, 35) . The solid curve shown in Fig. 3 is the computed density of states for crambin in the energy region below -40 with the initial energy parameters. It can be seen that the target native structure, denoted by the arrow F in Fig. 3 , is not among the lowestenergy states in the complete energy spectrum. There are many nonnative structures with energies lower than that of the crystal structure with the initial energy parameters. A major cause of the poor quality of the initial energy parameters for the crambin model is that the nonnative conformations generated by threading the amino acid sequence of crambin through the PDB data base are not a good representation for the unfolded states of the crambin model.
Optimization of the Energy Parameters. The initial energy parameters for the crambin model were taken as the starting parameters for optimization. In this optimization procedure, the conformational distribution of the protein was generated by the conventional MC procedure at a temperature above the collapse transition temperature of the model (estimated initially by trial MC runs), instead of by the threading procedure. The sampling of the nonnative conformations was carried out over 2-3 million MC conformational updates after an initial -160 -120 -80 -40 E equilibration period. The conformational perturbations employed in this conventional MC simulation are similar to those in our earlier MC procedure (34, 35 ). The energy parameters were then optimized with the iterative procedure described earlier, in which the energy of the target native structure was fixed at the value of -140.5 to be close to the lowest-energy state of the solid curve (Fig. 3) so that the stretch of the densities of states of the crambin model with both the initial and the optimized energy parameters would be comparable. The dashed curve in Fig. 3 is the density of states of crambin with the optimized energy parameters calculated by the ESMC procedure.
By comparing Fig. 3 with Fig. 1 , it can be seen that the effects of optimization of the energy parameters on the densities of states of both simple and more realistic models of proteins are similar. Specifically, optimization of the energy parameters reduces the density of the nonnative states in the low-energy region. The density of states determines the complete thermodynamics of protein folding; an alteration in the density of states reflects profound changes in the folding behavior of the protein. With the un-optimized energy parameters, the densities of low-energy nonnative states increase rapidly near the ground state, as illustrated by curve 3 in Fig. 1 and by the solid curve in Fig. 3 . An abrupt increase in the densities of the low-energy nonnative states indicates a glassy ground state; in such a situation, folding to a unique structure is almost impossible. By optimizing the energy parameters, as indicated by curves 9-25 in Fig. 1 and by the dashed curve in Fig. 3 , many of the nonnative states are shifted to higher-energy regions; once most of the low-energy nonnative traps are removed from the ground state, folding to the native structure occurs more easily. The folding of the simple protein model described in the previous section has demonstrated this behavior.
Further Optimization. In Eq. 1, the nonnative conformations of the protein are sampled by conventional MC simulations at only one temperature. Even though this procedure works well enough for the relatively small cubic-lattice chain, for larger and more complicated systems the distribution of conformations at just one temperature might not be a good representation of the nonnative state; as a result, the optimization procedure might not produce the best possible energy parameters. To test this possibility, a modification of the procedure was made in such a way that, at each optimization iteration, the distributions of the non-native conformations at several temperatures were used. The gradient G defined in Eq. [3] r where the different terms r are evaluated at different temperatures. The rest of the optimization algorithm is the same as described in the previous section. In the algorithms based on either Eqs. 1 or 3, the multiple-minima problem did not appear to be a problem as indicated by the fact that the final optimization results do not depend significantly on the starting set of energy parameters.
In optimization with the modified procedure of Eq. 3, we used the distributions of nonnative conformations of the crambin model at five different temperatures in each iteration. The conformational distribution was sampled by one long ESMC simulation and then the distribution was reweighted according to the Boltzmann principle to obtain the canonical averages at the five different temperatures. The combined distributions of the nonnative conformations at the five temperatures cover the energy range from the lowest energy to much higher energies. Fig. 4 shows the densities of states (computed by separate ESMC simulations) for the crambin model with energy parameters obtained in a series of steps of optimization iterations indicated by the number on each curve. Curve 0 in Fig. 4 is identical to the dashed curve in Fig. 3 . The inset to Fig. 4 shows the rms variations of the entropy, DS, of the protein averaged over the complete energy range at each iteration (e.g., from 0 to 1, from 1 to 2, etc.); DS decreases to a constant value in the later iterations. It can clearly be seen that the optimization procedure based on Eq. 3 reduces the densities of nonnative states with respect to that of native states further than the procedure based on Eq. 1. Numerical derivatives of S(E) with respect to E (data omitted here) indicate that, with the further optimized energy parameters, the thermal folding/unfolding curve has a stronger sigmoidal shapei.e., the folding transition is more cooperative. Therefore, the modified procedure produced a better set of energy parameters for the complicated model of crambin.
Differences Between the Simple and the More Realistic Protein Models. The most fundamental difference between the 27-mer cubic-lattice protein model and the more complicated lattice model of crambin is that there is a singular and well-separated native state in the energy spectrum of the simple model but that there is no such state in the more realistic model. The energy of the target structure was never able to separate completely from the continuous density of the nonnative states through the optimization. When simulating the folding of the simple cubic lattice chain with the optimized energy parameters, the lattice chain folds to the target structure exactly. But, when simulating the folding of the crambin model with the optimized energy parameters, the model does not fold to exactly the same structure in different simulations.
The effects of the optimization of the energy parameters on the folding of the crambin model to the native structure can be evaluated only in a statistical way. We used two quantities to measure the structure of the model crambin: one is the rmsd of the Ca coordinates between the lattice protein structure and the crystal structure of crambin; another is the fraction of the native contact number, Q, of the C" atoms in a model structure with respect to that of the target native structure, where a contact between two atoms refers to their mutual distance being smaller than 7.5 A. Fig. 5 shows the average rmsd and Q of the model crambin at different energy levels with the initial set of energy parameters (corresponding to the density of states shown by the solid curve in Fig. 3 ) and with the final optimized energy parameters (corresponding to the density of states shown by curve 5 in Fig. 4) , respectively. For clarity, the fluctuations of the rmsd and Q at each energy level were omitted in Fig. 5 . In the low-energy regions, the fluctuations in the values of rmsd and Q are about 1.5 A and 0.2, respectively, with the optimized energy parameters, and are much larger with the initial set of energy parameters. With the initial set of energy parameters, there is little correlation between the energy and the structural properties (rmsd and Q), shown by open and closed squares, respectively, in the low-energy region of Fig. 5 . By comparison, with the optimized energy parameters, there is a strong correlation between the energy and the structural properties (rmsd and Q, shown by the open and closed circles, respectively, in Fig. 5 ). With the optimized energy parameters, at the lowest-energy state, the smallest value of the average rmsd of the crambin model is about 1 A, and the largest average Q value is about 0.85. The nonnative contacts in the low-energy regions are about 10% of the total contacts. Thus, when the crambin model is simulated to fold to the low-energy state with the optimized energy parameters, the folded structure is generally close to the target native structure.
Another important difference between the simple protein model and the more realistic model of crambin is the distribution of the nonnative conformations. For the simple cubic lattice chain, because of its relatively small chain length, the 1.0 , . . fluctuations of the energy of the model at a given temperature are large, and the distributions of the nonnative conformations at a single temperature span a large energy range, which is a reasonably good representation of the unfolded states. In comparison, for the crambin model, which is significantly larger and more complicated than the simple cubic-lattice chain, the distribution of the conformations at a single temperature is confined to a relatively narrow energy range. The optimization based on the canonical distribution of the nonnative states at one temperature (Eq. 1) does not produce good enough energy parameters for the crambin model. However, optimizations based on the combined conformational distributions of the protein model generated at several temperatures (Eq. 3) do produce a better set of energy parameters for the crambin model. This result suggests that precise information about the unfolded states of the protein is crucial for obtaining a good set of energy parameters for proteins.
Conclusions
Results from both a simple model and a realistic protein model indicate that, starting from generally poor energy parameters, optimization of the energy parameters based on the procedure proposed in this work leads to good potentials for folding proteins. By statistical-mechanical characterization, optimization of the energy parameters increases the statistical weight of the native state with respect to those of the nonnative states, reduces the slope of the density of nonnative states, thereby increasing the folding temperature, and changes the shape of the density of states such that the folding transition becomes more cooperative. Furthermore, by optimization of the energy parameters,, different components of the interactions in the native structure of a protein achieve a high level of consistency, which is the condition for the protein model to be foldable to the unique native structure. The fact that the energy parameters can actually satisfy the condition of foldability of a model protein in quite a broad range may be the basis for a generally optimized potential function which can satisfy the foldability conditions for many different proteins. However, how many different proteins can be fitted by one optimized set of energy parameters remains to be determined.
